Abstract. In this brief paper we present some results on creating and manipulating spectral gaps for a (regular) quantum graph by inserting appropriate internal structures into its vertices. Complete proofs and extensions of the results are planned for another publication.
Introduction
Existence of gaps in the spectra of operators of mathematical physics plays important role in many areas (e.g., solid state physics [1] , photonic crystal manufacturing [5, 6] , and in expander graphs construction [11] , see also discussion in [7, Section 6.1] ). This also applies to constructions of thin branching structures (e.g., quantum wire circuits), which can be modeled by the so called quantum graphs (see [2, 3] ). One of the standard ways to achieve the band-gap structure of the spectrum is by making the medium periodic, where the gaps may arise due to the Bragg scattering [1] . However, existence of spectral gaps in periodic media is not guaranteed and is not easy to achieve and manipulate (see, e.g., [7, Section 6.1] ). Thus, a different, resonant gaps technique has been explored, where identical resonators are distributed throughout the medium to create spectral gaps (the earliest reference known to the authors is [10] ). This idea was implemented in the discrete situation in [12] by attaching to each vertex v of the graph Γ (which is the medium in this case) an identical decoration (resonator) G (Fig. 1 ). This technique has been extended to the case of quantum graphs, see [2, Section 5.1 and references therein]. However, it would be more convenient in many instances (e.g., in photonic crystal theory when considering the so called inverse opal structures) to insert some internal structure into each vertex, rather than attach a decoration (resonator) to it sideways. In other words, one is looking for a spider decoration (Fig. 2) 1 . Here one hits a snag. The nice procedure in [12] does not work nearly that well when the common "boundary" between Γ and G consists of more than one point, as it is the case in the spider decorations. When the boundary is a single point, by applying a rather standard technique used in considering the transmission problem between two media, one can rewrite the spectral problem on the decorated graph as the one on the original graph Γ with an additional energy (spectral parameter) dependent potential (Dirichlet-toNeumann operator of the decoration, see [2, Section 5.1] for details). Poles of this potential arise at the spectrum of the decoration, which leads to the gap opening.
With the boundary consisting of more than one point, the arising potential term is now a meromorphic matrix function, whose poles may or may not show up, depending on the vector the matrix function is applied to. Thus, it is easy to construct examples when a spider decoration does not lead to spectral gap opening [9, Chapter 3] .
However, as it is shown in [9, Chapter 3] , there are some special decoration constructions that resolve this problem in the case of finite graphs. The goal of this paper is to extend the (unpublished) considerations of [9, Chapter 3] .
We provide necessary notions and notations in Section 1, the auxiliary study of the Dirichlet-to-Neumann operator of a graph in Section 2, the main result on gap opening in Section 3, and conclusions and some remarks in Section 4.
Preliminaries
We consider a metric graph Γ 0 , i.e. a graph such that each its edge e is equipped with a finite positive "length" l e and a coordinate x identifying it with the segment [0, l e ] (see more detailed discussion in [2, Chapter 1] ). We will use the standard notations V (Γ 0 ) and E(Γ 0 ) for the sets of vertices and edges of the graph respectively.
We will assume in this text that the following condition on the edge lengths of the graphs Γ 0 is satisfied:
In particular, this is true when the graph Γ 0 is either finite (i.e., has a finitely many edges and vertices) or periodic (i.e. is equipped with the co-finite action of the group Z p for some p > 0, see [2, Section 4.1]). Let us also assume that Γ 0 is a d-regular graph (i.e. the degree of each of its vertices is equal to d) and G is a finite metric graph with at least d vertices and a singled out subset B ⊂ V (G) consisting of d vertices. The set B will be called the boundary of G. For each vertex v ⊂ V (Γ 0 ) we establish a 1-to-1 correspondence between the edges adjacent to v and the elements of B. One can now decorate in a natural way the vertex v with the internal structure, which is a copy of G (see again Fig. 2 ). Doing this for all vertices of Γ 0 , we obtain the decorated graph Γ.
All graphs we consider are equipped with the self-adjoint operators
, as follows: on each edge they act as −d 2 /dx 2 , with the domain consisting of functions f such that
2 (e) for each edge e;
(2) f is continuous on the whole graph;
(3) at each vertex, the sum of the outgoing derivatives of f along all adjacent edges is equal to zero (Kirchhoff condition);
is finite (automatic for a finite graph).
Here H 2 (e) is the standard Sobolev space on the segment e = [0, l e ]. We also denote by H G the analogous operator on G, with the exception that at the boundary vertices v ∈ B, Dirichlet conditions f (v) = 0 are imposed instead of Kirchhoff ones. The spectrum σ(H G ) of this operator is discrete [2, Theorem 3.1.1].
We denote by Σ D the (discrete under our conditions of finiteness or periodicity of the graph) set of Dirichlet eigenvalues of all edges of Γ 0 , i.e.
Let us also denote by N :
the Neumann operator that for any function
and a vertex v ∈ B produces the value at v equal to the sum of the outgoing derivatives of f along the edges of G adjacent to v. Here we denote by l 2 (B) the d-dimensional Hilbert space of functions on B.
We can now define, for any λ / ∈ σ(H G ), the Dirichlet-to-Neumann operator (in fact, a d × d-matrix) Λ(λ) as follows: for any φ ∈ l 2 (B) let u be the (existing and unique) solution of the following problem:
u satisfies continuity and Kirchhoff condition at each vertex v / ∈ B, u| B = φ. 
Auxiliary statements
Let λ 0 ∈ σ(H G ). As it was indicated before, and as we will see clearly in the next section, it will be important for us that for any non-zero φ ∈ l 2 (B) the vector function Λ(λ)φ still has a pole at λ 0 . It is clearly sufficient to consider vectors φ that belong to the unit sphere S of l 2 (G) ≈ C d . The following auxiliary result is crucial for our goal:
(1) If for a given φ ∈ S and λ = λ 0 the problem 1.4 has a solution, then Λ(λ)φ does not have singularity at λ 0 .
(2) If the problem 1.4 has no solution for λ = λ 0 and any φ ∈ S, then for any φ, the following estimate holds in an (independent of φ) neighborhood of λ 0 :
with a constant C independent of φ.
Thus, we will be looking at graphs G with boundary B such that the problem 1.4 has solution only for zero Dirichlet data φ. Rather than trying to describe all graphs that have this property, we will provide (for any size d of the boundary B) constructions when this does happen, which will be sufficient for our purpose of gap opening. Theorem 2.2. Let l 0 > 0 and n be an odd natural number. Suppose that the pair G, B satisfies the following conditions:
(1) Graph G contains a cycle 3 Z consisting of an odd number of edges of the length l 0 ;
(2) Each boundary vertex v ∈ B either belongs to Z, or is connected to a vertex of Z by a path of edges of length l 0 each.
Then, for λ 0 = (nπ/l 0 ) 2 , there exist a neighborhood U of λ 0 and a constant C such that the inequality (2.1) holds for any φ and λ ∈ U .
Proof. WLOG, let us assume that Z is non-self-intersecting and consider an edge e ∈ Z (of length l 0 , as all edges in the cycle). The solution of (1.4) for λ = λ 0 on this edge has the form
At the endpoints x = 0, l 0 , the second term vanishes. Since n is odd, the first term changes its value from a to −a at these points. Going around an odd cycle, one concludes that this is possible only if a = 0, and thus u vanishes at all vertices of Z. In particular, it vanishes at all boundary vertices that belong to Z. For v ∈ B \ Z, as there exists a path of edges of length l 0 from v to a vertex from Z, where we know that u vanishes, the same consideration shows that u vanishes at all vertices of the path. Therefore, the problem (1.4) does not have solution for non-zero φ, and thus, due to Theorem 2.1, the inequality (2.1) follows.
The main result
We are ready now to formulate and sketch the proof of the main result of this article:
Theorem 3.1. Let l 0 > 0 and n be an odd natural number. Let also the d-regular graph Γ 0 satisfy (1.1), and finite graph G with boundary B, |B| = d and the decorated graph Γ are defined as before. Suppose that the following conditions are satisfied:
(2) The decoration (resonator) G, B satisfies the conditions of Theorem 2.2.
Then there exists a punctured neighborhood of λ 0 , depending on G, topology of Γ 0 , and r only, which does not belong to the spectrum σ(H).
Proof. To understand the idea of the proof, let us assume first that the graph Γ 0 (and thus Γ) is finite. Then the spectrum of H is discrete. Thus, if λ ∈ σ(H), there exists a non-zero eigenfunction u. Assume that the neighborhood of λ 0 has radius less than r 1 < r. We denote this new graph Γ. Denoting
where e 1 , . . . , e d are the edges formerly adjacent to vertex v and coordinates x ej increase from the value zero at vertex v, one can rewrite the equation for u on Γ as the following one on Γ:
Since λ 0 is at a qualified distance from the Dirichlet spectrum Σ D , the resolvent estimates for self-adjoint operators together with embedding theorems show that
for some constant M depending only on the distance from the Dirichlet spectrum and topology of Γ 0 . On the other hand, if λ is sufficiently close to λ 0 (how close, depends on M and the decoration G), according to Theorem 2.1, one has
This contradiction proves the claim of the theorem for finite graphs.
In the case of infinite graphs, generalized eigenfunctions with control of growth need to be used [4, 8] . The details will be provided elsewhere, but so far we illustrate this on the simplest example of periodic graphs,
In the case of a periodic graph, assumption that λ belongs to the spectrum of H implies existence of a quasi-periodic Bloch-Floquet generalized eigenfunction φ(x), which under the Z p -shifts acquires only a phase shift (see details in [2, Section 4.2]). Then the above consideration for the finite graph goes smoothly, if the summation over edges and vertices of Γ 0 is replaced by the same for the compact orbit space graph Γ 0 /Z p . Another option in the periodic case is to use the Floquet-Bloch decomposition and apply the above (finite case) argument for each value of the quasi-momentum 4 .
Conclusions and final remarks
(1) Although it is probably not easy to understand the case of a general "spider" decoration, the main result of this article allows one to create spectral gaps rather easily at prescribed locations. Indeed, the value (nπl −1 0 ) 2 involves an arbitrary positive length l 0 and odd natural number n, which gives one a significant freedom of choosing location. As soon as this is done, one can easily produce a spider decoration G that achieves the goal. For instance, if d = 4, each degree 4 vertex can be replaced with the structure shown in Fig. 4 , where we created an odd cycle through three boundary vertices and connected the fourth one to them with a single edge.
(2) It was shown in [9] on examples that for even cycles and/or even n the claim of the Theorem 3.1 is incorrect. (3) The regularity condition on the graph Γ 0 is not truly necessary, at least in the case of finite and periodic graphs. Indeed, one can manage variable degrees by choosing different decorations, adjusted to each particular vertex and such that the corresponding resonant values λ 0 agree.
(4) Besides gap's existence at a given location, its size is of importance. It depends on the value of the constant C in (2.1). Our construction allows for a variety of decorations achieving the gap at the same location. It would be interesting to analyse the dependence of C on the decoration, to pick the most effective designs.
(5) More general vertex conditions can be considered and Kirchhoff conditions are used just for simplicity.
